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Abstract 

In this paper, we are interested in the Poitou-Tate duahty in Galois 
cohomology. We will formulate and prove a theorem for a nice class 
of modules (with a continuous Galois action) over a pro-p ring. The 
theorem will comprise of the Tate local duality, Poitou-Tate duality 
and the Poitou- Tate's exact sequence. 

1 Introduction 

The classical Poitou-Tate duality is a duality principle for a local-global 
statement, namely it relates the kernels of the localization maps. Using 
compactly supported cohomology groups, one can give a cleaner formulation 
of the statement which we now do. Let F be a global field with characteristic 
not equal to p, and let 5 be a finite set of primes of F containing all primes 
above p and all archimedean primes of F. We let Gp^s denote the Galois 
group Gal{Fs / F) of the maximal unramified outside S extension Fs of F 
inside a fixed separable closure of F. In its usual formulation, Poitou-Tate 
duality relates the kernels of the localization maps on the Gi?^s-cohomology 
of a module and the Tate twist of its Pontryagin dual. For simplicity, we 
assume in this introduction that p is odd if F has any real places. The 
general result without this assumption can be found in Theorem 14.2.61 

The nth compactly supported GiT'^s-cohomology group H'^^^^{Gf,Si^) 
with coefficients in a topological Gir^^-module M is defined as the nth co- 
homology group of the complex 

Cone (q,(G^,s,M) ^ C,,,{Gf^,M) \ [-1], 

where Gp^ is the absolute Galois group of the completion of F at f , and 
res5 is the sum of restriction maps on the continuous cochain complexes. It 
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therefore fits in a long exact sequence 

• • • ^ H^,,,,{Gf,s, M) ^ i^SsCGF.s, M) ^ H:,,{Gp^ , M) ^ ^.^^(G^,^, M) ^ • • • . 

We now let R denote a commutative complete Noetherian local ring 
with finite residue field of characteristic p. Then we have the following 
formulation of Poitou-Tate duality due to Nekovaf [9, Prop. 5.4.3(i)]. 

Theorem. Let T he a finitely generated R-module with a continuous {R- 
linear) GF,s-c-ction. Then there are isomorphisms 

HctsiGF,s,T) ^ H^~^^{Gf,s,T'^{^))'^ 
H^^,,,{Gf,s,T) ^ Hi-^{GF,s,T''{l)r 

of R-modules for all n, where = Hornets Qp/^p)- 

We now recall some notation from the language of derived categories. 
We denote by D(Modj?) the derived category of -R-modules which is ob- 
tained from from the category Ch(Mo(iij) of chain complexes of i?-modules 
by inverting the quasi- isomorphisms, i.e., the maps of complexes that induce 
isomorphisms on cohomology. We have the derived functors RHom/j(— , — ), 
'RTctsiGp^s-, —) and 'RTc,cts{GF,s-,—) that are obtained from Hom/j(— ,— ), 
Ccts{GF,s-, —) and Cc,cts{GF,s-, —)■ Then Poitou-Tate duality can be refor- 
mulated as the following isomorphisms 

nT^,{GF,s,T) ^ RHomz^(Rr,,cts(Gf,s,rV(l)),Qp/ZpV-3] 
Rrc,cts(Gp,s,r) ^ RHomz,(Rrets(G^,s,TV(l)),Qp/Zp)[-3] 

in T>{ModR). 

Now suppose that is a p-adic Lie extension of F contained in Fg. We 
denote by F the Galois group of the extension F^/F, and we let A = i?[[r] 
denote the resulting Iwasawa algebra over R. Let T be a finitely gen- 
erated i?-module with a continuous (i?- linear) GjT'^s-action, and let A be 
a cofinitely generated i?- module with a continuous (i?- linear) Gi?^s-action. 
The A-modules of interest are the following direct and inverse limits of co- 
homology groups (and their counterparts with compact support) 

lin^FS,(Gal(Fs/F„),^) and \^H^,,{G&\{Fs / F^),T), 

Fa Fa 
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where the hmits are taken over ah finite Galois extensions Fa of F which 
are contained in F^o- By an apphcation of Shapiro's lemma, one can show 
that they are respectively isomorphic to 

H^,,{GF,s,Fr{A)) and H^,,{Gf,s, ^v{T)), 

where the A-modules -Fr(^) and ^-piT) are defined by 

lir^Homij(i?[Gal(Fc,/F)],A) and ^ i?[Gal(F„/F)] O/j T 

Fa Fa 

respectively. Therefore, we can reduce the question of finding dualities on 
the Iwasawa modules of interest to that of obtaining dualities over Gf,s^ but 
with R replaced by A. 

In his monograph [9] , Nekovaf considers the above situation over a com- 
mutative p-adic Lie extension (e.g., a Zp-extension) and develops an exten- 
sion of Poitou-Tate global duality for the above cohomology groups. In view 
of the vast activity in the study of noncommutative generalizations of the 
main conjecture of Iwasawa theory [H El EJ [TT] , one would like to extend the 
above theory to the noncommutative setting. 

In fact, in this paper, we study generalizations of the above duality of 
Poitou-Tate over a general pro-p ring A (not necessarily commutative). To- 
gether with the module theory, we carefully develop the theory of continuous 
group cohomology in our setting. From there, we are able to state and prove 
our duality theorem (cf. Theorem 14. 2. 6p . 

Theorem. Let M he a hounded complex of ohjects that are profinite A- 
modules with a continuous (A-linear) Gp^s-O'Ction. Then we have the fol- 
lowing isomorphism 

Rr(G„ M)[-l] RHomz, (Rr(G„ M^(l)), Qp/Zp) [-3] 

RT,{Gf,s, M) RHomz, (Rr(Gp,5, MV(1)), Qp/Zp) [-3] 

Kr{GF,s, M) RHomz, (Rre(Gi.,5, M^(l)), Qp/Zp) [-3] 

of exact triangles in D(ModA)- 

We now give a brief description of the contents of each section of the 
paper. In Section [2l we introduce notations and results from homological 
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algebra required for the paper. Section [3] is about the discussion of profinite 
rings and their topological modules. We also introduce continuous coho- 
mology groups with coefficients in compact modules and discrete modules. 
In Sectional we will formulate and prove our duality theorems. In Section 
O we will apply the duality theorems proved in Section H] to extensions of 
global fields. 

Acknowledgements. The material presented in this article forms a general- 
ized version of first part of the author's Ph.D. thesis [7|. The remaining part 
of the thesis, for which this paper provides some preliminaries, can be found 
in (8j. The author would like to thank his Ph.D. supervisor Romyar Sharifi 
for his advice and encouragement, for without which, this paper would not 
have been possible. The author would also like to thank Manfred Kolster 
for his encouragement. Many thanks also go to the referee for a number of 
comments and suggestions. 



2 Preliminaries 

We begin by reviewing certain objects and notation that will be used in this 
write-up. Most of the material presented in this section can be found in 
[H El Us]. Throughout the paper, every ring is associative and has a unit. 

Fix an abelian category A and denote the category of (cochain) com- 
plexes of objects in A by Ch(^). We also denote the category of bounded 
below complexes, bounded above complexes and bounded complexes by 
Ch.^{A), Ch~(^) and Ch''(^) respectively. For each n S Z, the transla- 
tion by n of a complex X is given by 

X[nY = X-+\ = {-irdl+\ 

If / : X — > y is a morphism of complexes, then f[n] : X[n] — > Y[n] is 
given by /[n]* = /"■+*. 

If X is a complex, we have the following truncations of X: 

a<,X = [ > — ^ x'-^ — > X^ — ^ — ^ — > • • • ] 

T<,X = [ > X''-^ X^-^ ker((i^) — ^ ^ — > • • • ] 

o->,X = [ >0 — ^0 — >X^ — > — \ — y 

T>,X = [ ^0^0^ coker(d^i) X^+^ X'+^ ^ ■ ■ ■]. 

The cone of a morphism / : X — > Y is defined by Cone(/) = y © X[l] 
with differential 



-Cone(/) - \^ 



4 



There is an exact sequence of complexes 

O^Y ^ Cone(/) X[l] ^ 0, 

where j and p arc the canonical inclusion and projection respectively. The 
corresponding boundary map 

S : H\X[1]) = W+^{X) H'+'^{Y) 

is induced by P^^. 

If X is a complex and x G X*, we write x = i for the degree. 

Let A, S and T be rings. Let M (resp., N) be a left A-S-bimodule (resp., 
a A-T-bimodule) . Then HomA(-/Vf, N) is taken to be the S'-T-bimodule of all 
left A-module homomorphisms from M to N, where the left /S-action is given 
by {s ■ f){m) = f{ms) and the right T-action is given by (/ ■ t){m.) = f{m)t 
for / G HomA(M,X),m € M, s G S* and t £ T. If M' is a complex of 
A-5-bimodules and N' a complex of A-T-bimodules, we define a complex 
Hom^(M», A^») of 5-r-bimodules by 

HomX(M',Af') = ]jHomA(M\A^^+") 

iez 

with differentials defined as follows: for / G HomA(M*, A^*+"), we have 

In the case when S = T, we have a similar definition for the complexes 
Hom* _^(M*, A^*) of abelian groups, where HomA-S'(M, X) is the group of 
all of A-S'-bimodule homomorphisms from M to X. It follows immediately 
from the definition that for an element / G }iom^_g{M* , N*), we have 
/ G Homch(A-5)(M',X*) if and only if df = 0. Here Ch(A - S) denotes 
the category of complexes of A-S'-bimodules. 

Suppose that M* is a complex of A-5-bimodules and L* a complex of 
S'-T-bimodules. We define the complex M* (8)5 L* of A-T-bimodules by 

(M* ®5 ^•)" = 0s L""-' 

with differentials 

d{m ®l) = dm®l + {-l)'^m ® dl. 

We end the section by collecting some technical results which will be 
used in the paper. 
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Lemma 2.1. The following formulas define isomorphisms of complexes: 
Roml{M',N*)[n] ^ Rom\{M' , N*[n]) 

(M*H) 05 L' ^ (M* 0s L')[n\ 

m®l ^ m(0l 
M' 0s {L'[n]) = (M* 0s L*)[n] 

m0l^ (-l)"'"m (2> L 

Proof. This follows from a straightforward verification of the definition of 
translation and the sign conventions. □ 

Lemma 2.2. The adjunction morphisms define morphisms 

HomX_2.(M' 0sL\N') — > Ylom\_s{M\Yiom.^o{L* ,N')) 

f ^ {m^ {l^ f{m I))) 
}lom\_T{M* 0s L', N') — > Rom's _t{L', Hom^(M*, N')) 

f^{l^{m^ (-l)'^'7(m I))) 

of complexes and morphisms 

Homch(A-T)(M' 0s L',N') Homch(A-s) (M*, Hom^„(L«, iV)) 
Homch(A-T)(M* 0s L\ N*) Homch(5-T) (i^' , Hom^ (M« , N')) 

of abelian groups. All of these maps are monomorphisms; they are isomor- 
phisms if M* and L' are hounded above and N* is hounded below. 

Lemma 2.3. Given the following data: 

(1) Complexes Ai, Bi of A-S-bimodules, complexes A2, B2 of S-T- 

himodules, and complexes A-^^B-j, of A-T-bimodules. 

(2) Morphisms of complexes fj : Aj — > Bj preserving the respective 
bimodule structures. 

(3) Morphisms of complexes of A-T-bimodules 

Ua : Ai 0s A2 — > A3 
Ub : Bi 0s B2 -B3 

such that /30UA = ^B°ifi0 f2)- For j = 1, 2, 3, define Ej to be the complex 

Cone{Aj A Bj)[-1]. 
Then we have morphisms of complexes 

Uo, Ui : El 0s E2 E3 
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given by the formulas 



(ai,6i)Uo (02,62) = (ai Ua a2,(-l)^i/i(ai)UB 62 
(ai,6i) Ui (02,62) = (ai U^a2,6i Us 72(02)), 



and i/ie formula 



s{{ai,bi) (g) (02,62 
defines a homotopy s : Ui Uq- 



)) = (0,(-l)^i6i Ub 62) 



Proof. This is a special case of |9i Prop. 1.3.2]. 



□ 



3 Profinite rings 

Completed group algebras of profinite groups arise naturally in the study of 
Iwasawa theory, and such rings are profinite rings. In this section, we shall 
study the properties of profinite rings and their (topological) modules. We 
will also develop a cohomological theory over such rings. 

Throughout the section, A will always denote a profinite ring, and I is 
a directed fundamental system of open neighborhoods of zero consisting of 
two-sided ideals of A. We use A° to denote the opposite ring to A. 

3.1 Topological A-modules 

In this subsection, we will study the topological modules over a profinite 
ring A. These are Hausdorff topological abelian groups with a continuous 
A-action. In particular, we are interested in the following two classes of 
topological A-modules. 

Definition 3.1.1. We say that a topological A-module M is a compact 
(resp., discrete) A-module if its underlying topology is compact (resp., dis- 
crete). The category of compact A-modules (resp., discrete A-modules) is 
denoted by Ca (resp., Pa)- 

The following proposition records some of the properties of the above 
two categories, whose proofs can be found in [12', Chap. 5]. 

Proposition 3.1.2. (i) Every compact A-module is a projective limit of 
finite modules and has a fundamental system of neighborhoods of zero con- 
sisting of open submodules. In particular, it is an abelian profinite group. 

(ii) Every discrete A-module is the direct limit of finite A-modules. In 
particular, it is an abelian torsion group. 
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(iii) Pontryagin duality induces a duality between the category Ca of 
compact K-modules and the category V/^o of discrete A° -modules. 

(iv) The category C\ is abelian and has enough projectives and exact 
inverse limits. The category V\ is abelian and has enough injectives and 
exact direct limits. 

We give another description of discrete A-modules. If M is a A-module 
and a is a two-sided ideal of A, we define 

M[a] = {x G M I C Ann(a;)}. 

With this, we have the following lemma. 

Lemma 3.1.3. Let M be an abstract A-module. Then M is a discrete A- 
module (i.e., the k-action is continuous with respect to the discrete topology 
on M) if and only if 

M = (J M[a\. 
ael 

Proof. Suppose that M is a discrete A-module. Let x G M. Then by the 
continuity of the A-action, there exists a G X such that o ■ x = 0. This 
implies that x G M[a]. 

Conversely, suppose that 

M=\J M[a]. 
oex 

We shall show that the action 

e-.AxM — >M 

is continuous, where M is given the discrete topology. In other words, 
for each x G M, we need to show that 9~^{x) is open in A x M. Let 
(A,y) G 9^^{x). Then y G M[a\ for some a G X. Therefore, we have 
(A, y) G (A+o)x{y}, and the latter set is an open set contained in 9~^{x). □ 

When working with topological A-modules, one will have to consider 
continuous homomorphisms between the modules. In general, an abstract 
homomorphism of modules may not be continuous. In the next lemma, we 
record a few situations where every abstract homomorphism is continuous. 
We say that a topological A-module M is endowed with the X-adic topology 
if the collection {oMjagx forms a fundamental system of neighborhoods of 
zero. 
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Lemma 3.1.4. Let M and N he two topological A-modules. Suppose one of 
the following cases holds. 

(1) Both M and N have the I-adic topology. 

(2) Both M and N have the discrete topology. 

(3) M is a finitely generated A-module endowed with the Z-adic topology, 
and N is a compact A-module. 

(4) M is a finitely generated A-module endowed with the Z-adic topology, 
and N is a discrete A-module. 

Then every abstract A-homomorphism is continuous. In other words, we 
have 

HomA,cts(M,iV) = HomA(M,7V). 

Proof. (1) and (2) are straightforward. 

(3) Suppose M is generated by ei,...,er. Let / : M — > N be an 
abstract A-homomorphism, and for each i, set Xi = f{ei). Let V be an open 
A-submodule of A^. By continuity of the A-action on A^, for each i, there 
exists ai G Z such that ai-Xi C V. Since Z is directed, we can find a £ Z such 
that a Q ai for all i. It follows that f{aM) C V, establishing the continuity 
of/. 

(4) We retain the notation in (3). By Lemma 13.1.31 for each i, there 
exists tti € Z such that Xi € A^[aj]. Since Z is directed, we can find a € Z 
such that C Oj for all i, and /(oM) =0. □ 

Corollary 3.1.5. Let M be a compact A-module. Then every finitely gen- 
erated abstract A-submodule of M is a closed subset of M . In particular, 
every finitely generated left {or right) ideal of A is closed in A. 

Proof. Let N he a A-submodule of M generated by xi, ...,Xr. By Lemma 
13.1.4( 3). the following A-homomorphism 

Ci I y Xi 

is continuous. Since 0[=i A is compact, so is its image N . □ 

Corollary 3.1.6. Let M he a finitely presented abstract A-module. Then 
M is a compact A-module. 

Proof. Since M is finitely presented, we have an exact sequence A*" — > 
A* — > M — > for some integers r and s. By Lemma 13.1.4( 1). the map / 
is a continuous A-homomorphism of compact A-modules. Since the category 
Ca is abelian by Lemma l3 . 1 . 2( iv) . it follows that M is an object in Ca- □ 
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In view of Corollary 13.1.61 one may ask the following two questions. 
The first is if one can say anything about the X-adic topology on an ab- 
stract A-module M. In general, it is not even clear whether this topology 
is Hausdorff. The second question that one may ask is if there are other 
ways to endow a finitely presented A-module with a topology such that it 
becomes a compact A-module. In response to these two questions, we have 
the following proposition. In fact, as we shall see, if M is already a com- 
pact A-module, the I-adic topology is Hausdorff, and it is the only one with 
which one can endow a finitely presented A-module in order to make it into 
a compact A-module. One may compare the following proposition with [lO^ 
Prop. 5.2.17]. 

Proposition 3.1.7. Let M be a compact A-module. Then the X-adic topol- 
ogy is finer than the original topology of M , and the canonical homomor- 
phism 

a: M — ^ hm M/aM 

of A-modules is injective. Furthermore, if M is a finitely generated A- 
module, then the topologies coincide, and the above homomorphism is a 
continuous isomorphism of compact A-modules. 

Proof. : Let be an open submodule of M. Then by continuity, for each x € 
N, there exist a neighborhood Vx of x and ax € I such that axVx ^ N. Since 
M is compact, it is covered by finitely many such sets, say Vx^, Vx2, Vx^. 
Choose a € I such that o C Oj for all i = 1, ...,r. Then we have aM C A^, 
and this shows the first assertion. Since M is Hausdorff under its original 
topology, it follows that M is Hausdorff under the X-adic topology and so 

kera = Q aM = 0. 

a€l 

Now if M is finitely generated, we have a surjection 

A"" (M with X-adic topology), 

which is continuous by Lemma [3. 1.4( 1). This implies that M with the X-adic 
topology is compact. By the first assertion, the identity map 

(M with X— adic topology) — > M 

is continuous. This in turn gives a continuous bijection between compact 
spaces and is therefore a homeomorphism. If M is given the X-adic topology. 
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then the image of a is dense in M/aM, and so is surjective since M is 

aex 

compact. □ 



We conclude with a description of projective objects in Ca that are 
finitely generated over A. 

Proposition 3.1.8. Let P be a projective object in C\ that is finitely gen- 
erated over A. Then P is a projective A-module. Conversely, let P be a 
finitely generated projective A-module. Then P, endowed with the X-adic 
topology, is a compact A-module and is a projective object in C\. 

Proof. Let P be a projective object in Ca that is finitely generated over 
A. Then there is a surjection / : A*" ^ P of A-modules. By Proposition 
13.1.71 the topology on P is precisely the X-adic topology, and it follows 
from Lemma 13.1.4( 1) that / is a continuous homomorphism of compact 
A-modules. Now since P is a projective object in Ca, the map / has a 
continuous A-linear section. In particular, this implies that we have an 
isomorphism A*" = P © (ker /) of A-modules. Hence P is a projective A- 
module. 

Conversely, suppose that P is a finitely generated projective A-module. 
Then there exists a finitely generated projective A-module Q such that P®Q 
is a free A-module of finite rank. We then have a surjection vr : A" ^ Q, 
and this gives a finite presentation 

A"^P©Q — > P — ^0 

of P where the first map sends an element x of A" to (0, vr(x)) and the second 
map is the canonical projection. It then follows from Proposition 13.1.6] that 
P is a compact A-module under the Z-adic topology. Now suppose we are 
given the following diagram 

P 

of compact A-modules and continuous A-homomorphisms. Since P is a 
projective A-module, there is an abstract A-homomorphism 13 : P ^ M 
such that e/3 = a. On the other hand, it follows from Lemma l3. 1.4( 3) that 
/3 is also continuous. Therefore, this shows that P is a projective object of 
Ca. □ 
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3.2 Continuous cochains 



Definition 3.2.1. Let G be a profinite group. We define Ca.g to be the 
category wliere tlie objects are compact A-modules with a continuous A- 
hnear G-action and the morphisms are continuous A[G]-homomorphisms. 
Similarly, we define 2^a,g to be the category where the objects are discrete 
A-modules with a continuous A-linear G-action and the morphisms are (con- 
tinuous) A[G]-homomorphisms. 

Proposition 3.2.2. (i) The category C\^g abelian, has enough pro jectives 
and exact inverse limits. 

[a) The category D/^^g is abelian, has enough injectives and exact direct 
limits. 

(Hi) The Pontryagin duality induces a contravariant equivalence between 
Ca,g andV\o^G {resp. C\o^g andV^^c). 

Proof. We shall prove (iii) first. For a topological group A, we shall denote 
to be its Pontryagin dual. By Proposition 13.1.21 it suffices to show 
that if M (resp., N) is an object of Ca,g (resp., Pa°,g)) then (resp., 
A^^) is an object of Pa°,g (resp., Ca,g)- We define a G-action on by 
a ■ f{m) = /{a^'^m) for / e M'^,a G G and m e M. This is clearly A°- 
linear, and since G is profinite, we may apply [21 Prop. 3] to conclude that 
the G-action is continuous. The same argument works for A^. Hence we 
have proven (iii). It remains to prove (ii), since (i) will follow from (ii) and 
(iii). 

To prove (ii), we note that it is clear that I'a.g is abelian and has exact 
direct limits. It remains to show that it has enough injectives. By the lemma 
to follow, we see that the functor 

M ^ U U {M[a]f : Mo^aig] ^ T^A,G 

a&X U 

is right adjoint to an exact functor, and so preserves injectives by [131 Prop. 
2.3.10]. Since Mod{y\^Q^ has enough injectives, it follows that Pa,g also has 
enough injectives. □ 

Lemma 3.2.3. An abstract A\G\-module N is an object in T>\^g "if o-i^d only 

Ar=UU(iV[a])^ 

aGJ U 
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where U runs through all the open subgroups of G. Moreover, if M is an 
abstract A[G]-module, then 

aex u 

is an object of T>\^g, CLf^d there is a canonical isomorphism 

HomA[G],cts(iV, U U (^M)"") - HomA[G](iV,M) 
ael u 

for every N G T>\^g- 

Proof. Suppose is an object in Pa,g- Then, in particular, it is a discrete 
A-module. By Lemma [3.1.31 we have N = |JjjgjA^[a]. Let x G N[a\. Then 
by continuity of the G-action, there exists an open subgroup C/ of G such 
that U ■ X = X. 

Conversely, suppose that 

aex u 

Clearly this implies that = Uaex-^I'^]' ^^'^ so is a discrete A-module. 
It remains to show that the G-action 



e-.GxN — > N 



is continuous. Let x ^ N, and let (cr, y) G 6~^{x). Then y G A'"[o]'^ for some 
G X and open subgroup U. In particular, we have (cr, y) G all x {y} C 
9^^{x). Therefore, this proves the first assertion. The second assertion is 
an immediate consequence of the first. □ 

Lemma 3.2.4. Let M be an object of C\^g- Then M has a fundamental 
system of neighborhoods of zero consisting of open A[G]-submodules. 

Proof. Let N be an open A-submodule of M. Then for each g ^ G, there 
exist an open A-submodule Ng of M and an open subgroup Ug of G such 
that gUg ■ Ng C A^. Since G is compact, it is covered by finite number of such 
cosets, say giUg^, ...,grUg^. Set A'^o = □[^^^A'^.. This is an open A-submodule 
of M. Then A[G] • A'o is a A[G]-submodule of M which contains Nq and is 
contained in A^. □ 
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For the remainder of the subsection, we will be studying the continuous 
cochain complex (and its cohomology) of G with coefficients in certain classes 
of topological A-modules. 

Definition 3.2.5. Let M be a topological A-module with a continuous A- 
linear G-action. The (inhomogeneous) continuous cochains C*^g(G, M) of 
degree z > on G with values in M are defined to be the left A-module of 
continuous maps ^ M with the usual differential 

i 

(5V)(5i,...,5i+i) = gic{g2, gi+i)+^{-iy c{gi, ...,gjgj+i,...,gi+i)+{-iy 

i=i 

which maps C4s(G',Ma) to C*+^(G,Ma). It then follows that 

y C^ts(G, M) % Cl+\G, M) ^ . . . 

is a complex of A-modules and its ith cohomology group is denoted by 
Hl^g{G,M). The following lemma is a standard result (cf. 10. Lemma 
2.7.2]). 

Lemma 3.2.6. Let 

— > M' M ^ M" — ^ 

be a short exact sequence of topological A-modules with a continuous A-linear 
G-action such that the topology of M' is induced by that of M and such that 
/3 has a continuous (not necessarily A-linear) section. Then 

^ G:UG,M') ^ C:,,{G,M) h C:,,{G,M") ^ 
is an exact sequence of complexes of A-modules. 

We are particularly interested in the case when M is an object of Ca^g 
or D/y^G- We now discuss cohomology and limits. 

Proposition 3.2.7. Let N = limA^'Q, be an object of Va,g, where Na € 

a 

^A,G- Then we have an isomorphism 

GlUG,N)^lm^GlUG,N^) 

a 

of continuous cochain groups which induces an isomorphism 

HUG,N)^lh^HUG,No.) 

a 

of cohomology groups. 
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Proof. The first isomorphism is immediate and the second follows from the 
first since direct limit is exact. □ 



In the next proposition, we shall examine the relationship between co- 
homology and inverse limit. We shall denote hm'-*^ to be the ith derived 
functor of l^m . 

Proposition 3.2.8. Let M = lim Mg be an object in C^^Gj where each Ma 

a 

is finite. Then we have an isomorphism 

Ccts(G,M) ^^C7cts(G,M„) 

a 

of complexes of A-modules and a spectral sequence 

a 

Suppose further that G has the property that H^g{G,N) is finite for all 
finite discrete A-modules N with a continuous commuting G-action and for 
all m >0. Then 

Hi,^iG,M)^limHUG,Ma). 

a 

Proof. The first assertion is immediate from the definition. The second 
assertion follows from a similar argument as in [9l Prop. 8.3.5]. We consider 
the two hypercohomology spectral sequences for the functor lim and the 
inverse system C*tg(G, M^): 

llm^^^GUG,M^)^W+^ 

a 

For each i, it is clear that 

a 

is surjective for every a, and so the inverse system Gl^^{G,Ma) is "weakly 
flabby" in the sense of [5l Lemma 1.3]. Therefore, by [H Thm. 1.8], we have 
that hm^^^ Gl^^{G , Ma) = for j > 0. Hence, the first spectral sequence 

a 

degenerates and we obtain 

= W{\^G,tsiG,Ma)) ^ W{G,UG,M)) = Hl,,{G,M). 

a 
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For the last assertion, the additional assumption allows one to invoke O 
Cor. 7.2] to conclude that l^WiJ^slC, M^,) = for i > 0. □ 

a 

For the remainder of the subsection, we let A denote either Ca,g or T>\^g- 
Let M' be a complex of objects in A with differentials denoted by d^. We 
define C'^^{G,M') by 

CS,(G,M-)= CUG^M^). 

i+j=n 

Its differential 5]^i is determined as follows: restriction of 6^f^l to C^^^{G, M*) 
is the sum of 

and 

We denote its ith cohomology group by H^{G, M*). 

Proposition 3.2.9. Let — )• M' A M 4- M" be an exact sequence of 
objects in A. Then 

^ C-,,{G, M') ^ G:,,{G, M) h G:,,{G, M") ^ 

is an exact sequence of complexes of A-modules. The statement also holds 
true if we replace M' , M, M" by complexes of objects in A. 

Proof. By Lemma 13.2.61 it suffices to show that /? has a continuous section. 
If ^ = V\^G-, this is obvious. In the case when A = Ca,g, since every compact 
A-module is profinite by Proposition 13.1.2^ every continuous surjection has 
a continuous section. □ 

Let M' be a complex of objects in A. The filtration T<jM' induces a 
filtration 

T<,C-3(G,M-) = C-,(G,T<,M-) 

on the cochain groups which fit into the following exact sequence of com- 
plexes 

G:,,{G,t<jM') G:,,{G,t<,+iM-) t<j+,C:,,{G,M')/t<,G:,,{G 

by Proposition 13.2.91 This filtration gives rise to the following hypercoho- 
mology spectral sequence 

Hl,^{G,WiM')) ^ HitJiG,M'), 

which is convergent if M' is cohomologically bounded below. 
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Lemma 3.2.10. Let f : M* — > N* be a quasi-isomorphism of cohomolog- 
ically hounded below complexes of objects in A. Then the induced map 

/,:C7-t,(G,M-)^C-,(G,7V) 

is also a quasi-isomorphism. 

Proof. The map / induces isomorphisms 

Hl,,{G,W{M')) ^ Hl,,{G,W{N')). 

By convergence of the above spectral sequence, this imphes that the induced 
maps 

Hl,,{G,M-)^Hl,,{G,N-) 
are isomorphisms. □ 

Hence we can conclude the following. 
Proposition 3.2.11. The functor 

C',,{G, -) : Ch+(^) Ch+(ModA) 

preserves homotopy, exact sequences and quasi-isomorphisms, hence induces 
the following exact derived functors 

KT^tsiG, -) : D^(Ca,g) B+{ModA) 
Rrets(G, -) : D+(Pa,g) D+(ModA). 

Proof. This proposition follows from what we have done so far. The only 
subtlety lies in the fact that Ca,g does not necessarily have enough injectives 
and therefore we do not know if D+(Ca,g) exists. However, we know that 
Ca,g has enough projectives. Therefore, D~(Ca,g) exists, and we may apply 
Lemma [3210] to D^(Ca,g)- □ 

We now like to extend Proposition 13. 2. 8) to the case of complexes. Before 
that, we first prove a lemma which will be required in our discussion. 

Lemma 3.2.12. Let f : M — > N be a morphism of objects in C\^g- Then 
there exists a directed indexing set I with the following properties: 

(1) There exist a fundamental system {Ui} (resp., {Vi}) of neighborhoods 
of zero consisting of open A[G]-submodules of M (resp., N). 



17 



(2) For each i E I, there is a A[G]-homomorphism fi : M/Ui — > N/Vi 
which fits into the following commutative diagram 

M >N 

M/Ui N/Vi 

where the vertical morphisms are the canonical quotient map. 

(3) One has f = l^m fj . 

i 

Proof. Let {UajaeiM (resp., {Va}/3G/;v) be a system of neighborhoods of 
zero consisting of open A[G]-submodules of M (resp., N). Then we set 

/ = Im X In, Ua,i3 = Ua^i and Va^p = Vp. It is then straightforward 

to verify that / factors through M/Ua,/3 to give a A[G]-homomorphism /^^^ : 
M/Ua,p N/Va,0 and / = l^i ' □ 

In view of the above lemma, we say that a morphism / : M — >■ N in 
Ca,g is compatible with a directed indexing set I if the conclusion in the 
lemma holds. By the lemma, we have that for every morphism / : M — > N 
in Ca,G) there exists a directed indexing set / such that / is compatible with 
/. In particular, if M is a bounded complex in Ca^q, we can find a directed 
indexing set / such that the differentials are compatible with I. 

Proposition 3.2.13. Suppose that G has the property that H^^{G,N) is 

finite for all finite discrete A-rnodules N with a continuous commuting G- 
action and for all m > 0. Let M* = l^m M* he a hounded complex of 

i&I 

ohjects in C\^g with I-compatible differentials. Then we have the following 
isomorphism 

Hl,{G,M-)^]^H^,,{G,Ml) 

i 

of hypercohomology groups for each n. 

Proof. The canonical chain map M* — > M* induces the following mor- 
phism of (convergent) spectral sequences 

Hl,,{G,H^{M')) ^ Hl+\G,M') 

HI,,{G,H^{M:)) ^ Hlt/{G,M:) 
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which is compatible with i. By the hypothesis, the bottom spectral sequence 
is a spectral sequence of finite A-modules. Therefore, the inverse limit is 
compatible with the inverse system of the spectral sequences, and we have 
the following morphism 



^HI,,{G,H%m:)) ^\^h:+^{G,M-) 

i i 

of (convergent) spectral sequences. By Proposition 13.2.81 we have the iso- 
morphisms 

Hl,,{G,H%M')) ^\^H:,,{G,H\M:)). 

i 

Hence, by the convergence of the spectral sequences, we obtain the required 
isomorphism. □ 

For ease of notation, we will drop the '•' for complexes. We also drop the 
notation 'cts'. Therefore, we write C{G,M) as the complex of continuous 
cochains and Rr(G, M) for its derived functor. Its ith cohomology group is 
then written as W{G,M). 

3.3 Total cup products 

We first recall the definition for topological G-modules (in other words, 
abelian Hausdorff topological groups with a continuous G-action). 

Definition 3.3.1. (Cup products) Let A, B and C be topological G-modules. 
Suppose 

( , ):AxB^C 

is a continuous map satisfying cr(a, h) = [aa, ab) ioi a G A,b ^ B and a & G. 
Then we define the cup product on the cochain groups 

G'{G,A) X C\G,B) C'+^{G,C) 

as follows: for a G G'''{G,A),f3 G G^{G,B) and ai, ...,ai+j G G, we have 

(q U (3){ai, ...,ai+j) = (a{ai, ...,ai),ai ■ ■ ■ ai(3{ai+i, ...,ai+j)\. 
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The cup product satisfies the following relation 

6c{a U /3) = (dAa) U /3 + U {6bP) 

and induces a pairing 

W{G,A) X W{G,B) H'+^{G,C) 

on the cohomology groups. 

Now fix a prime p. For the remainder of the paper, we shall assume 
that our profinite ring A is pro-p. In other words, for each a € I, the ring 
A/a is finite of a p-power cardinality. Let M and A'' be objects in Ca,g and 
T^A°,G respectively, and let ^ be a topological G-module. Suppose there is 
a continuous pairing 

( , ) -.N xM — > A 

such that 

(1) a{y, x) = {ay, ax) for x € M, y & N and a G, and 

(2) {yX, x) = {y, Ax) ioi x e M,y e N and A € A. 

As before, condition (1) will give rise to the cup product 

C'{G,N) X C\G,M) C"+J(G, A), 

which is A-balanced by condition (2). The cup product induces a group 
homomorphism 

C\G, N) ®A C^'(G, M) C'+^{G, A) 
which gives rise to the following morphism 

C{G, N) (g)A C{G, M) C{G, A) 
of complexes of abelian groups. Taking the adjoint, we have a morphism 

C(G, M) Homz, (G(G, N),C{G, A)) 
of complexes of A-modules. 

Lemma 3.3.2. Suppose we are given another continuous pairing 

( , ):N'xM' — > A 
such that (1) a{y',x') = {ay', ax') for x' € M',y' € A^' and a G G; 
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(2) (y'A, x') = {y', Xx') for x' e M', y' e N' and X e A, and 



(3) there are morphisms f : N' - 
Ca,g such that the following diagram 



N in Pao g and g : M — > M' in 



N(g 



M 



-4 AT', 



( , ) 



M- 



commutes. Then we have the following commutative diagram 
C{G,M) >Homz,(C(G,iV),C(G, A)) 

9* U 

C(G, M') > Homz, (C(G, iV'), C(G, A)) 

of complexes of A-modules. 

Proof. It follows from a direct calculation that following diagram 



C{G,N') ^aC{G, M) 

/®id 

C(G, AT) ®A C(G, M) - 



■C{G, N')^A C{G, M') 
)C{G, A) 



is commutative, where U( ^ ) and ^ are the cup products induced by 
the pairings ( , ) and ( , ) respectively. By taking the adjoint and another 
straightforward calculation, we have the commutative diagram in the lemma. 

□ 

Now let M and be bounded complexes of objects in C\^g and T)\o q 
respectively, and let A be a bounded complex of topological G-modules. 
Suppose there is a collection of continuous pairings 

( , )a,b -.N^xM'^^ A''+'' 

where each pairing satisfies conditions (1) and (2), and the following hold: 

(a) {d'}^y,x)a+i,h = 4^^((y,a;)a,b) for y € 7V« and x G M^ and 

(b) {-ir{y,d\,x)a,b+i = d''+\{y,x)a,b) for y G A^'^ and a; G MK 
For each pair (a, 6), we have a morphism 



U^j' : C\G,N'') 



C\G, 



Ci+i{G,A''+^) 
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of abelian groups induced by the cup product. Then the total cup product 

U : C{G, N) ®A C{G, M) C{G, A) 

is a morphism of complexes of Zp-modules given by the collection U = 
((-!)*'' U^j* ) . The definition given for the total cup products follows that in 
[9| 3.4.5.2]. We also have an analogous result to Lemma [3.3.21 for complexes. 

Lemma 3.3.3. Suppose we are given another collection of continuous pair- 
ings 

{ , )a,b ■■ N"" X M'^ A'''^^ 
as above. Then we have the following commutative diagram 



C{G, M) > Homz, (C(G, TV), C(G, A)) 

9* /, 
C{G, M') > Homz, (C(G, N'),G{G, A)) 



of complexes of A-modules. 



3.4 Tate cohomology groups 

We shall now describe the Tate cochain complexes of a finite group G. We 
begin by giving an alternative description of the (inhomogeneous) cochain 
complexes. Throughout this subsection, G will always denote a finite group. 
Consider the standard ^[6?] -resolution (in inhomogeneous form) of Z (cf. 
[H Sect. 6.5] 0, 

Xq i — Xi i — X2 < — • • • 

where Xq = Z[G] and, for n > 1, Xn is the free Z[G]-module generated by 
the set of all symbols (gi, ...,gn) with gi G G, and the differentials are given 
by the formula 

n— 1 

9"(9i,-",fl'n) = giig2, gn)+^{-'i-y {gi, gjgj+i, gn)+{-ir{gi, ■■■,gn-i)- 

i=i 

For any Z[G]-module M, there is a natural isomorphism G^{G,M) — > 
Ilomx[G]iXi, M) which is compatible with the differentials, thus giving an 
identification of complexes. Furthermore, if M is a A[G]-module, the above 
identification is an isomorphism of complexes of A-modules. 

^Weibel calls this the unnormalized bar resolution. 
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We now construct the complete cochain groups. For a Z[G]-module A, 
we write A* = Hom^(^, Z). Note that this is a Z[G]-module in a natural 
way. Applying Hom^(— ,Z) to the long exact sequence 

^ Z ^ Xo ^ Xi ^ X2 ^ , 

we obtain the following long exact sequence 

— > Z — > — > XI — > X^ — > ■■■ , 

since each Xi is a free Z-module. Splicing the two long exact sequence and 
applying Hom^[(^](— , M) to the resulting long exact sequence, we obtain the 
following complex 

> Hom^[G](Xi*,M) Hom^[G](Xo*,M) Hom^[G](Xo, M) ^ • • • 

The completed cochain complexes C^{G,M) are defined by 



C\G,M) 



iC'{G,M) ^Romz[G]{Xi,M) if i > 0, 
\Hom^[G](X*i_„M) ifi<-l. 



Following [9", 5.7.2], we may extend the above definition to a complex 
M* of G-modules by setting 

C''iG,M*) = &{G,M^) 

i+j=n 

with differential defined using the sign conventions of the previous sections. 
As before, for ease of notation, we will drop the '•' for complexes. The usual 
cup product for Tate cohomology groups (cf. [ini Prop. 1.4.6]) extends to a 
total cup product with the same sign convention as in the preceding section. 



4 Duality over pro-j9 rings 

Let p be a fixed prime. Throughout the section, our profinite ring A will 
always be pro-p. In this section, we will formulate and prove Tate's (and 
Poitou's) local and global duality theorems. 



4.1 Tate's local duality 

Let be a nonarchimedean local field with characteristic not equal to p. 
Fix a separable closure F'^'^p of F. Set Gp = Ga^F'^'P/F). 
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Lemma 4.1.1. We have 

HHGF,qp/^p{i)) = 

Proof. For j > 2, the conclusion follows from the fact that Gp has p- 
cohomological dimension 2 (see \10\ Thm. 7.1.8(i)]). By [10\ Thm. 7.1.8(ii)], 
we have H'^{Gv,1j/p^ (1)) = X/p"^. The assertion now follows by taking 
direct limits. □ 

By the preceding lemma, we have a quasi-isomorphism Qp/Zp[— 2] 
T>2C{GF,Q,p/'^pi^)) of complexes of Zp-modules. Since Qp/Zp is an injec- 
tive Zp-module, the map i has a homotopy inverse. We shall fix one such 
map 

r : t>2C(Gf,Qp/Zp(1)) Qp/Zp[-2]. 

This gives a morphism 

e : C(Gf,Qp/Zp(1)) t>2C(Gf,Qp/Zp(1)) ^ Qp/Zp[-2] 

of complexes of Zp-modules. 

Let M be a bounded complex of objects in Ca,Gf- shall write M'^ 
to be the complex Homcts(Af, Qp/Zp). The obvious pairing 

M^(l)0AM^Qp/Zp 

induces the total cup product 

C(Gi.,M^(l)) ^aC{Gf,M) ^C{GF,qp/Zp{l)). 

Suppose that N is another bounded complex of objects in Ca,Gf) ^^"^ there 
is a morphism / : M — > N of complexes in C\^Gp- Then we have the 
following commutative diagram 

iVV(l) M > A^V(l) N 

MV(1) 0a M > Qp/Zp(l) 

with the obvious pairings. Applying cochains and 6, we obtain the following 
commutative diagram 

C{Gf, N'^il)) 0A C{Gf, M) ) C{Gf, N'^il)) 0a C{Gf, N) 

/^(g)id 

C{Gf,M'^{1)) ^aC{Gf,M) >Qp/Zp[-2] 



Qp/Zp ifj = 2, 
ifj > 2. 
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which induces the following commutative diagram 

C{Gf,M) °" > Homz, (c(Gf, MV(1)) , Q^/Zp) [-2] 

C{Gf, N) Hom^^ (c{Gf, iV^(l)) , Qp/Z^) [-2] 

of complexes of A-modules by Lemma 13.3.21 We are now able to prove the 
following formulation of Tate's local duality. 

Theorem 4.1.2. Let M be a bounded complex of objects in C\,Gf- Then 
we have the following isomorphism 

Rr(GF,M) ^RHomZp(Rr(GF,M^(l)),Qp/Zp)[-2] 

in Ty{Mod^). 

Proof. We shall show that Um (in the above diagram) is a quasi-isomorphism. 
Now if A — > B — > C — j4[1] is an exact triangle □ in D^(Ca,g_f)) then 
have a morphism 

nViCF^A) RHomz, {rT{Gf, {!)) , Qp/Zp) [-2] 

YiV{GF, B) RHom^^ (Rr(G^, 5^(1)) , Qp/Zp) [-2] 

nT{GF, C) RHomz, (Rr(Gp, C7^(l)) , Qp/Zp) [-2] 

of exact triangles. Therefore, if any two of the morphisms aA,a_B and ac 
are isomorphisms, so is the third. For a bounded complex M in C\^Gf^ 
have the following exact triangle 

(T<i_iAf — > a<iM — > M'[-i]. 

Therefore, by induction, we are reduced to showing that om is a quasi- 
isomorphism in the case when M is a single module. Write M = limMg, 

^ We write an exact triangle A ^ B C A[l] more compactly as A B ^ C 
throughout. 
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where each is a finite module. By the functoriahty of a, we have the 
following commutative diagram 



C{Gf,M) 



Homz, (c{Gf, MV(1)) , Qp/Z J [-2] 



lim ajvf 



Mr 



-4 l^Hom^^ (C(G^, M^V(l)) , Qp/Z J [-2] 

/3 



of complexes of A- modules. By Proposition 13.2.71 and Proposition 13.2.81 we 
have that u and v in the above diagram are isomorphisms of complexes, and 
the vertical maps in the following commutative diagram 



Homz J i^'-' (Gf, Af V(l)) , Qp/^ 



H'iGF,M) 



lim(aMfl)* / ^ . 

]^W{Gf, Mp) ^= > ^ Homz, [H^-' {Gf, M^^(1)) , Q^/Zp 



are isomorphisms. Since each (cka/^)* is an isomorphism by Tate local duality 
|101 Thm. 7.2.6], we have the required conclusion. □ 



4.2 Global duality over pro-p rings 

Let -F be a global field with characteristic not equal to and let 5" be a 
finite set of primes of F containing all primes above p and all archimedean 
primes of F (if F is a number field). Let Sf (resp., S'r) denote the collection 
of non-archimedean primes (resp., real primes) of F in S. 

Fix a separable closure F^^^ of F. Set Gf,s = Gsl{Fs/F), where Fs is 
the maximal subextension of F^^^/F unramified outside S. For each v (z Sf, 
we fix a separable closure F^^"^ of Fy and an embedding F^°^ ^ F^^"^. This 
induces a continuous group homomorphism G„ := Gal(F^*'''/F„) — )• Gf,s- If 
V is a real prime, we also write G^ for Gal(C/]R). 

If M is a complex in Ca,Gfs (resp., V\^Gfs)-> then we can view M 
as a complex in Ca,g„ (resp., Pa,g„) via the continuous homomorphism 
Gy — > Gf,s- Therefore, the cochain complexes G{Gf,sM) and G{Gy,M) 
can be defined. Recall that for v € Sf, we have the restriction map 



res„ : C(Gf,5,M) ^ C(G„M) 
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induced by the group homomorphism G„ — > Gf,s- For a real prime v, we 
have the following 

res^ : C{Gf,s,M) C{G^,,M) ^ C(G,,M). 

To shorten notation in what follows, for v € S'r, we will abuse notation and 
use C{Gv,M), H^{Gv,M), and RT{Gy,M) to denote the Tate cochains 
C{Gy,M), its cohomology groups, and its derived object. We now make the 
following definition. 

Definition 4.2.1. Let M be a complex in Ca,Gfs °^ ^a.Gf s - complex 
of continuous cochains of M with compact support is defined as 

Gc{Gf,s,M) = Cone Ig{Gf,s,M) 0C(G„M) J [-1] , 
V ves ) 

where the elements of 

Gi{GFS.M) = C\GFS.M)®[@C'-^{G,,M)\ 

\v^S ) 

have the form (a, 05) with a € C'^{Gf,SiM)tO'S = {0'v)veS,o,v G C^~^{Gv, M), 
and the differential is given by 

d{a, as) = {da, —ress{a) — das)- 

The ith cohomology group of Cc{Gf,s,M) is denoted by HI{Gf,s,M). 

Remark. If F is a function field in one variable over a finite field or F is a 
totally imaginary number field, then 5^ is empty, and the cone is given by 



Cone I C{Gf,s.M) C(G„M) ) [-1]. 

Now suppose that p is odd and -F is a number field with at least one real 
prime. Let v G 5^. Then H^iG^^M) = for every M in C\^Gfs (resp., 
T^K,Gfs) since Gy is a finite group of order 2 and M is an inverse 

limit of finite p-groups (resp., direct limit of finite p-groups). Therefore, it 
follows that the canonical map 

(ress , \ 
C{Gf,s.M) -4 C(G„M) [-1]^Cc{Gf,s,M) 
veSf J 
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is a quasi-isomorphism. Therefore, one may take the above cone as a defi- 
nition of the complex of continuous cochains with compact support in this 
case. 

Proposition 4.2.2. The functor 

C,{Gf,s, -) : Ch+(CA,GFs) Ch(ModA) 
(resp., C,{Gf,s,-) : Ch+(pA,GF,s) ^ CHModA)) 

preserves homotopy, exact sequences and quasi-isomorphisms, hence induces 
the following exact derived functors 

Rr,{GF,s,-) : D^Ca,Gfs) D(AfodA) 
(resp., Rr,(GF,s, -) : D+(Pa,Gf,s) ^ D(ModA)) 

such that for M in'D''{CA,GF s) or D+(Pa,Gf s)' '"^^ have the following exact 
triangle 

Kr,iGF,s,M) Kr{GF,s,M) ^ 0Rr(G,,M) 
in D(Mo(iA) and the following long exact sequence 

> Ht{GF,s,M) H'{Gf,s,M) ^^W{G,,M) Hi+\GF,S: i 

Proof. This is immediate from the definition of the cone. □ 

By [ini Thm. 7.1.8(iii), Thm. 8.3.19], Proposition [Mil] can be apphed to 
Gf,s and G^, where v € Sj. For v £ S^, G„ is a finite group of order 2, and 
so the finiteness hypothesis in Proposition 13 . 2 . 8] is satisfied, so the conclusion 
also holds in this case. The following analogous statement to Proposition 
13.2.81 for cohomology groups with compact support will now follow from the 
definition of the cone and the long exact sequence of cohomology groups in 
the preceding proposition. 

Proposition 4.2.3. The functor Cc{Gf,S: ~) preserves direct limits in T)\^Gf 
Moreover, if M = ^im Mq, is an object in Ca,Gfs' where each is finite, 

a 

then we have the following isomorphism 

Gc{Gf,S, M) ^ ^ Gc{Gf,s, Ma) 

a 

of complexes and isomorphisms 

HI{Gf,s,M) ^ limHi{GF,s,Ma) 

a 

of cohomology groups. 
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Lemma 4.2.4. We have 

Hi{GF,s,%/M'^)) = 

Proof. By the long exact sequence of Poitou-Tate [10, 8.6.13], we have the 
following exact sequence 

v<^S 

and an isomorphism 

H\GF,s.'^/p'^m)) ^ ^'(G,,Z/p-Z(l)). 

V&S-R 

By the definition of continuous cochains with compact support and the fact 
that cdp(G^) = 2 for i; G 5/, we have HI{Gf,s,'^Ip'"^{^)) = The 
remainder of the lemma will then follow from a similar argument to that in 
Lemma I4.1.H □ 

Let M be a bounded complex in Ca,Gfs- each f G 5, we define a 
morphism of complex of Zp-modules to be 

C7(G„M^(1))0aC(G,,M) ^C(G,,Qp/Zp(l)) ^ C,(Gi.,s, Qp/Zp(l)) [1], 

where the first map is the total cup product, and the second is the natural 
morphism arising from the definition of the cone. By Lemma [4.2.41 we have 

a quasi-isomorphism Qp/Zp[— 3] t>^Cc{Gf,s^^p/'^p{^)) of complexes 
of Zp-modules. Since Qp/Zp is an injective Zp-module, the map i has a 
homotopy inverse. We shall fix one such map 

r : T>3C,(GF,5,Qp/Zp(l)) Qp/Zp[-3], 
and this induces the following morphism 

^ : Cc{Gf,sMp/M^)) T>3Ce(GF,5,Qp/Zp(l)) Qp/Zp[-3] 
of complexes of Zp- modules. Combining this with U^, we obtain a morphism 

C(G„M^(1)) C55aC(G,,M) ^C,(Gi.,s,Qp/Zp(l))[l] ^Qp/Zp[-2] 

of complexes of Zp-modules. For v € S"/, this is essentially the morphism 
constructed in Section 3.1, which will give the Tate local duality as in The- 
orem H7TT21 We also have the following. 



Qp/Zp i/i = 3, 
if 3 > 3. 
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Theorem 4.2.5. Let p = 2, and let v G 5r. For a bounded complex M of 
objects in Cp^^G^; '^^ have the following isomorphism 

RT (G„ M) RHomz, (Rr(G„ M^(l)) , Q2/Z2) [-2] 

in T){Mod\). 

Proof. By a similar argument to that in Theorem 14. 1.21 it suffices to consider 
a finite module M, and the conclusion then follows from |101 Thm. 7.2.17]. 

□ 

For ease of notation, we shall write P{Gf,s, —) for ©i>e5 C{Gv, —). We 
now define a morphism U5 by 

P{Gf,s,M''{1))®kP{Gf,s,M) ^ 0C,(G^,5,Qp/Zp(l)) ^ ^(Gi.,^, Qp/^^ 

where u{as,bs) = [a^ 

We now construct the total cup products for the compactly supported 
cochain groups. Since these are defined as cones, it follows from Lemma [2.31 
that there are two morphisms 

Uo,Ui : C7,(Gf,5,M^(1)) 0a Gc{Gf,s,M) G,{Gf,s,%/M^)) 
of complexes of Zp-modules given by 

(a, as) Uo (6, bg) = (a U 6, (-l)^ress(a) U5 65) 
(a, as) Ui (6, 6s) = (a U 6, as Us ress(6)) 

where U is the total cup product 

C(G^,s,M^(l)) ®^C{Gf,s,M) C(Gp,s,Qp/Zp(l)). 

The morphisms Uq and Ui induce the following morphisms 



Ue : C{Gf,s, MV(1)) ®a Cc{Gf,s, M) Cc{Gf,s, Qp/Zp(l)) 
eU : Ce(GF,s,M^(l)) 0AC(Gi.,s,M) ^ C7,(Gi.,s,Qp/Zp(l)) 

of complexes of abelian groups which are given by the following respective 
formulas (see also [9", 5.3.3.2, 5.3.3.3]) 

a Uc (b, bs) = (a U 6, (-l)"ress(a) Us bg) 
(a, as) c U 6 = (a U 6, as Us ress(6)). 
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All of these fit into the following diagram 
Cc{Gf,s, Cc{Gf,s, M) 



C{Gf,s,M''{1))®kCc{Gf,s,M) 



■C(G^,5,Qp/Zp(l)) 



Cc{Gf,s,M^{1))®^ G{Gf,s,M) 

which is commutative up to homotopy by Lemma 12.31 Also, the following 
diagrams 



C(G^,5,M^(1)) (P(G„,M)[-1]) >P(G^,5,M^(1)) (P(G^,5,M)[-1]) 



G{GF,s,M''{l))(®AGe{GF,s,M) 



P{Gf,s, MV(1)) ®a P{Gf,s, M)j [-1] 

ushi] 

>G,(G^,5,Qp/Zp(l)) 



P{Gf,s, MV(1))[-1] C{Gf,s, M) > P{Gf,s, MV(1))[-1] ®k P{Gf,s, M) 



Ge(GF,5,MV(l))0AG(Gir,5,M) 



{P{Gf,s, M^{1)) 0A P{Gf,s, M)) [-1] 
us[-i] 

>G,(G^,5,Qp/Zp(l)) 



are commutative, where t and t' are the morphisms defined as in Lemma [2.1[ 
These in turn induce the following morphism of exact triangles in K(Mo(iA)- 



P{Gf,s,M)[-1] 



Gc{Gf,s,M) 



Homz, (g(G„ M^(l)), Gc{Gf,s, Qp/Zp(l))) [-3] 



GiGF,s,M) 



Homz, G{Gf,s, MV(1)), G, {Gf,s, Qp/Zp(l)) [-3] 



Homz, (CciGF,s, MV(1)), Ge(Gi.,5, Qp/Zp(l)) ) [-3] 
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Combining this with the morphism 

^ : Ce(Gp,s,Qp/Zp(l)) t>3Cc{Gf,s,Qp/M'^)) Qp/Zp[-3], 
we obtain the foUowing morphism of exact triangles 

Rr(G,, M)[-l] > RHomz, (Rr(G,, M^(l)), Qp/Zp) [-3] 

RT,{Gf,s, M) > RHomz, (Rr(Gi.,s, Af^(l)), Qp/Zp) [-3] 

Rr(Gi.,s, M) > RHomz, {m:,{GF,s. M^{1)), Qp/Zp) [-3] 

in D(ModA)- 

Theorem 4.2.6. For any hounded complex M in C\^Gfs' above mor- 
phism of exact triangles is an isomorphism. 

Proof : The top morphism is an isomorphism by Theorem 14.1.21 It remains 
to show that the middle morphism is an isomorphism. By a similar argu- 
ment (using Proposition 14.2.31 for the limiting argument for the compactly 
supported cohomology) to that of Theorem I4.1.2( we can reduce to the case 
that M is a single finite module. The conclusion then follows from the usual 
Poitou-Tate duality (cf. [TO", 8.6.13]). □ 

Remark. Theorem 14.1.21 and Theorem 14.2.61 are stated in |3] for the case 
that A is a profinite ring with a basis of neighborhoods consisting of powers 
of the Jacobson radical of A, and M is a finitely generated projective A- 
module. 

5 Iwasawa modules 

In this section, we will introduce certain modules over an Iwasawa alge- 
bra. The next two paragraphs will introduce some notations which will be 
adhered to throughout this section. 

Fix a prime p. Let i? be a commutative pro-p ring with a directed funda- 
mental system X of neighborhoods of zero consisting of open ideals. Let G 
and r be two profinite groups such that there is continuous homomorphism 
vr : G — > V of profinite groups. Set A = i?[[r]. We now describe the natural 
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profinite topology on A (see [IH Sect. 5.3]). Let be the collection of open 
normal subgroups of F, and consider the following family of two-sided ideals: 

aA + /([/), a eX, U 

Here /(f/) denotes the kernel of the map A i?[r/{7]. We take these ideals 
as a fundamental system of neighborhoods of zero. 

We have a map i : A — > A which sends 7 to 7^^. Note that this is only 
a homomorphism of i?-modules. It is a ring homomorphism if and only if F 
is abelian. Denote by 

p = : G ^ r C A>^ 

the tautological one-dimensional representation of G over A. 

Remark. In most situations, the ring i? is usually a commutative complete 
Noetherian local ring with finite residue field of characteristic p, and the 
group F is a compact p-adic Lie group. However, despite motivated by the 
above situation, we shall consider the theory in more generality. 

5.1 Induced modules 

For a given A-module M, we define a A°-module by the formula m-^ \ := 
i{\)m for A S A, m € M. Similarly, if A'^ is a A°-module, we define a A- 
module, which is also denoted as A^', by A m := mi{X). 

We shall prove the following lemma. Let A and B be two rings, and 
suppose that M has a left A-action and right i?-action. We say that the 
actions of A and B are balanced if for every a ^ A^h ^ B and x G M, we 
have a{xh) = {ax)b. 

Lemma 5.1.1. (a) If M is a A[G]-module, then M'' is a A°[G]-module. 

(b) If M is a A[G]-A-module (not necessarily balanced), then M' is a 
A° [G]- A-module {not necessarily balanced). 

Proof, (a) Let 5 G G, A E A and m G M''. Then we have 

(gm) A = L{X)gm = g{i{\)m) = g{m A). 

(b) Similar argument as above. □ 

For a given U (z and a given i?[G]-module M, we define two A[G]-A- 
modules as follows: 

r/M = Homi?(fi[F/[7],M) 
Mu = R[r/UY M, 
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where G acts on R]r/U] via p^/u and A acts on R\r/U] via the canonical 
projection A R\r /U]. Note that the A[G]-A-modules defined above are 
balanced as A-A-modules. They are balanced as A[G]-A-modules if T/U is 
abelian. 

Let V & ^ with U V . Then there is a canonical surjection pr : 
i?[r/i7] ^ i?[r/F] and a map Tr : R\r /V] R\^ /U] given by 

gU ^ gvU. 
vev/u 



These in turn induce the following maps. 

pr* : vM 
pr, : Mu 

Tr* : uM — ) 
Tr* : My — ) 



■ uM 
Mv 

■ vM 
Mu 



Denote by 5« : G/C/ — )■ Z the Kronecker delta-function 



1 if/3 = /3', 
if /? 7^/3'. 



The next two lemmas then follow from a straightforward calculation. 
Lemma 5.1.2. We have the following isomorphism of R[G] -modules 

Mu uM 

0&G/U 0€G/U 

which is fwnctorial in M. Moreover, ifV is another open normal subgroup of 
G such that U CV, then the isomorphism fits into the following commutative 
diagrams. 

Mu — ^ uM My — ^ vM 



Mv 



V 



Tr* 



M 



Tr, 



pr' 



Mu 



uM 



Lemma 5.1.3. We have the following equalities of A°[G] -modules: 

{uMY = RomR{R[T/UY,M), 
{Muy = R[T/U] ®rM. 
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Let M be an i2[G]-module. We define two A [G]-A- modules as follows: 

Fr(M) = lii^ t/M, 

^r(M) = \^ Mu, 

where the transition maps are induced by the surjections R\r /U] R\r /V] 
for [/ C y. Note that the A [G]- A- modules defined above are balanced as A- 
A-modules. They are balanced as A [G]- A- modules if and only if F is abelian. 
One easily sees from Lemma 3.1.3 that 

FriMy = lir^ HomR(i?[r/C/]', M) and 
^r{MY = lim iR[r/U] 0r M). 

We also have the following description of Fr{A), when A is an object of 

Lemma 5.1.4. If A is an object o/Vr^g, then Fr{A) is an object ofV\^G 
and 

Fr(^) ^Hom^j,cte(A,^). 

Similarly, we have 

Fr(A)^^Homfi,ets(A',A). 
If {Aa} is a direct system of objects inDn^C; then we have isomorphisms 
Fr{A) ^ \i^Fr{A^) {resp., Fr{Ay ^ lii^Fr(A„)') 

a a 

in 'Da,g {resp., in T>a°,g)- 

Proof. By Lemma I3.1.4f 3). for each [/ € we have 

RomR{R[r/U],A) = Hom^,cts(i?[r/C/], A). 
Therefore, the lemma will now follow from [121 Prop. 5.1.4] □ 

We would like to have a description of ^riT), when T is an object in 
Cr^g- Before we can do this, we shall recall the notion of a complete tensor 
product from [12]. Let M be an object in Ca,G; and let A'^ be an object in 
Cr^g- The completed tensor product of M and N is taken to be 

M^rN = lim M/U 0R N/V, 

where U (resp., V) runs through the open A[G]-submodules of M (resp., 
open -sub modules of A^). 
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Lemma 5.1.5. Let M he an object in C\^g (^iT-d N be an object in Cr^g- Then 
the completed tensor product M(S)rN is an object ofCf^^C: ond coincides with 
the usual tensor product if N is a finitely generated R-module. Moreover, 
as a functor, the completed tensor product is right exact {in both variables) 
and preserves inverse limits. 

Proof. It follows from [14[ Lemma 7.7.2] that M^^iN is a compact A- 
module. By a similar argument to that used in the proof of that lemma, we 
have that the G-action is continuous. □ 

We are now in position to describe ^y{T). 

Lemma 5.1.6. If T is an object of Ch^Gj then ^y{T) is isomorphic to 
A''^fiT and ^riTY is isomorphic to A^j^T. If {T^} is an inverse system 
of objects in Cr^g such that T = l^m Tg, then we have isomorphisms 

a 

^r(T) = ]^^T{Ta) {resp., ^r{Ty ^ lmi^r(?;)^) 

a a 

in Ca,g {resp., in Cao (j). 
Proof. We have 

^r(T) = lim{R[T/UY0RT) = lim {RlT/Uf^RT) ^ {limR[r /U]')^rT ^ A'^rT. 
u u u 

Suppose T = ^mTa in Cr^g- Then 

a 

^r(T) = A'^rT ^ ]^A'^RTg = l^^r(r„). 

a a 

□ 

As a conclusion to the subsection, we record the following duality relation 
between the modules we have defined. 

Proposition 5.1.7. Let T be an object in Cr^g- Then we have isomorphisms 

^r{TY = Fr{T'^y (re.sp., (^r(T)^)^ ^ Fr(T'^)) 
inV^oG {resp., inV^^G)- 
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Proof. We will prove the first isomorphism, the second will follow from a 
similar argument. This follows by the following calculations: 

^r(T)^ = HomZp(A'^/jT,Qp/Zp) (by Lemma[5X6D 

^ Homfi,cts(ASHomz,,cts(T,Qp/Zp)) (by [12, Prop. 5.5.4(c)]) 
^ Fr(r^)' (by Lemma [5X1]). 

□ 

5.2 Shapiro's lemma 

As before, R denotes a commutative pro-p ring. Let G be a profinite group. 
Fix a closed normal subgroup H of G and write T = G/H. Let vr : G — > T 
be the canonical quotient map. We identify ^ as the collection of open 
normal subgroups of G containing H. Therefore, in this context, for each 
U £ ^ , and an i?[G]-module M, we have 

uM = RomR{R[G/U],M), 
Mu = R[G/UY (S)R M. 

We will apply Shapiro's lemma to see that the direct limits and inverse 
limits of cohomology groups over every intermediate field can be viewed 
as cohomology groups of certain A-modules. The results in this section can 
be found in P 8.2.2, 8.3.3-5, 8.4.4.2]. 

Lemma 5.2.1. Let U be an open normal subgroup of G, and let N he a 

hounded below complex of objects ofDn^Q. Then we have a quasi-isomorphism 

C{G,uN) ^CiU,N) 
of complexes of A-modules. 

Proof. We first prove the lemma in the case that is an object of Vr^g- 
Then we may write A^ = lir^ A'q,, where A^q, is a finite object of 'Dr^g- The 

a 

usual Shapiro's lemma holds for such modules. Also, we note that jjN = 
lim ui^a)- Hence, we have 

a 

GiG, uN) = c(g, hi^ u{Na)) = lh^G{G, u{Na)) A lu^G{U,N^) = C{U, 

a a a 

which gives the required conclusion for the case that A^ is an object of Vr^g- 
For the case that A^ is a bounded below complex of objects of Vr^g, one can 
prove this by a spectral sequence argument as used in Lemma 13.2.101 □ 
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Recall that if A is a complex in 'Dji^G: then -Fr(^) = lin^ jjAis a complex 
in T>A.G by Lemma l5.1.4i We then have the following proposition. 

Proposition 5.2.2. Let A be a bounded below complex of objects ofV^^c- 
Then the composite morphism 

CiG,Fr{A)) CiG, uA) A Ih^ C{U,A) ^ C{H,A) 

ug-?/ ue'?/ 

is a quasi-isomorphism of complexes of A-modules. In other words, we have 
an isomorphism 

Rr(G,Fr(A)) ^Kr{H,A) 

in T){Mod\). 

The next result will give a Shapiro-type relation for cohomology groups 
of objects (and complexes of objects) in Cr^g- 

Lemma 5.2.3. Let U be an open normal subgroup of G. Then for any 
bounded complex M in Cr^Gj '^6 have a quasi-isomorphism 

G{G,Mu) ^C{U,M) 

of complexes of A-modules. 

Proof. By the same argument as that in Lemma [5.2.1l it suffices to consider 
the case when M is an object of Cr^g- Then we have M = l^mMg, where 

a 

Ma is a finite object in Cr^g- Note that Mjj = l^m{Ma)u- Then we have 

a 

morphisms 

G{G, Mu) ^ ^ {Ma)u) A ^ G{U, Ma) = C{U, M) 

a a 

which induce a morphism 

1^Wf^ (G, {Ma)u) =^ W+KG,Mu) 



^^^W {U, Ma) =^ W+^{U, M) 
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of convergent spectral sequences. Since is finite, tlie usual Shapiro's 
lemma implies that 

W{G, {M^)u)=H^{U,Mo) 
is an isomorphism. This in turn implies that 

lim«/7^' (G, {Ma)u) = lim^'^W {U, M„) . 

a a 

By the convergence of the spectral sequences, we have isomorphisms 

H''{G,Mu) = H''{U,M), 
as required. □ 

Since inverse limits are not necessarily exact, we cannot always view 
inverse limits of cohomology groups over every intermediate field as co- 
homology groups of certain A-modules in general. However, we can say 
something if we impose an extra assumption on G. 

Proposition 5.2.4. Let M be a bounded complex of objects in Cr^g- Then 
we have the following isomorphism 

C(G,^r(M)) ^ hm C{G,Mu) 

of complexes of A-modules. Furthermore, ifH"^{G,N) is finite for all finite 
discrete A-modules N with a A-linear continuous G-action and all m > 0, 
then we have 

H\G,^r{M)) ^ ^ W{U,M). 

Proof. As before, it suffices to consider the case when M is an object of 
Ci?,G- Write M = lim ; where each Mq, is a finite object in Cfi^c- By 

Lemma l5.1.61 we have a continuous isomorphism 

^r(M) ^ lim^r(M„) ^ lim(M„),7. 

a a,U 

The second assertion now follows from Proposition 13.2.81 and Lemma 15.2.31 

□ 
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5.3 Iwasawa setting 



We now apply the discussion in Subsection 15.21 to the arithmetic situation. 
Let -Foo be a Galois extension of F which is contained in Fs- Write H = 
Gal(Fs/Foo), and write F = Gal{Foo/F). Let denote the collection 
of open normal subgroups of Gp^s containing H. For each U G we let 
Fu = (Fs)^ , and define Su to be the set of primes in Fjj above S. As before, 
we write A = -RIJF]], where i? is a commutative pro-p ring. The following 
lemma is immediate from the discussion in the preceding subsection. 

Lemma 5.3.1. Let T be a bounded complex of objects in Cr^Gf s- Then we 
have the following isomorphisms 

H^GF,s,^r{T)) ^ \^W{Gf,s,Tu) = {Gfu,Su,T), 

H^iGF,s,FriT'')) - \m^WiGF,s, uT^") = {Gp^^Su.T'') = W {Ga\{Fs/ F^),T''). 

u u 

Let V Sf. Fix an embedding F^^^ ^ F^'^^, which induces a continuous 
group monomorphism 

a = : Gy ^ Gf, 

where Gp = Gal{F^^P /F). Let X be a finite discrete i?[GF]-module. For 
a finite Galois extension F' of F, write U = Gal(F"'=P/F') and Xu = 
R[Gf/U] ®ji X. The embedding F^°^ ^ F^^^ determines a prime v' of 
F' above v such that F^, is a finite Galois extension of F^ and Gy' := 

Gal(Fr7i";) = a-i(C/). 

Fix coset representatives Gi ^ Gf oi 

Gf/U = [ja^a{Gy/Gy,). 

i 

Then the set of distinct primes in F' above v is given by the (finite) collection 
{ai{v')}. Then by [9| 8.1.7.6, 8.5.3.1], we have a quasi-isomorphism 

C{Gy,Xu) ^ ^C(G^^(„/), AT) 

i 

and isomorphisms 

H'^{Gy,Xu) = ^//"(G^^(^/), A) 

i 

of cohomology groups for n > 0. 
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Now suppose that p = 2 and F is a number field with at least one real 
prime. Let v G S'la- Let F' be a finite Galois extension of F, and retain 
the above notations. Then the primes in F' above v are either all real or 
all complex. We first consider the case when all the primes above F' are all 
real. Then Gy acts trivially on Xu, and we have 

which is precisely 0^ C(G^(^/), X), where v' is a prime above v and r runs 
through a set of coset representatives for Gp/U. If all the primes above F' 
are complex, it remains to show that H^{Gy,Xu) = for all i. Since G^ is 
cyclic (of order 2), we are reduced to showing this for i = 1,2, which follows 
from Shapiro's lemma in the usual sense (since these are usual cohomology 
groups) 

We shall apply the above discussion to finite discrete R[GF,s]-^odules, 
which we view as -R[Gir]-modules via the canonical quotient map Gp — » 
Gp^s- By the compatibility of limits and the groups of continuous cochains, 
we can apply the above results to objects in Vr^Qfs Cr^Gfs- 

Lemma 5.3.2. Let T be a bounded complex of objects in Cr^Gf s- Then for 
V (z Sf, we have the following isomorphisms 



W{Gy,^T{T)) ^ \^W{Gy,Tu) = \^^W{G^,T), 

^ ^ w\v 

W{Gy,Fr{T'')) ^ \\^W{Gy, uT'') = hi^^W{G^,T'' 



The same conclusion holds for the case when p = 2 and v G S^, if we replace 
the cohomology groups by the completed cohomology groups as defined in 
Subsection \&.4\ 

We would like to derive an analogue of Shapiro's lemma for compactly 
supported cohomology. Let F' be a finite Galois extension of F which is 
contained in Fg. Denote the set of primes of F' above S by S' . Let 
X be a discrete i?[GF,s]-module. We write U = Gal{Fs/F') and Xu = 
R[Gf^s/U] X. By the discussion in the previous subsection and the 
above, we have the following diagram 

G{Gf,s, Xu) > ©,es G{Gy, Xu) ®,^s ©.> C(G,, X) 



sh 



sh 



C{Gf',s',X) > 0„/g5./ G{Gv',X) 
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which commutes up to homotopy. By a similar argument to that in [9l 
8.1.7.2.1, 8.5.3.2], this in turn induces a quasi-isomorphism (functorial in 

she : Cc{Gf,s,Xu) — > Cc{Gf',s'iX) 

which fits into the fohowing commutative (up to homotopy) diagram with 
exact rows. 



0- 



■ CciGF,s, Xu) > C{Gf,s, Xu) > 



> e.es C{G,, R[GJG,,] ®r X)[-l] > C,{Gf,s, Xu) > C{Gf,s, Xu) > 



sh[-ll 



she 



0- 



e„,^5,c(G„x)[-i] 



sh 



. C,{Gf',s'.X) > C{Gf',s',X) > 



Suppose that F" C Fs is another finite Galois extension of F containing 
F\ and write S" for the set of primes of F" above S and V = Gal{Fs/F"). 
Again by similar arguments to that in [HI 8.5.3.4], we have the following 
morphisms 

rese : Gc{Gf',s',X) C,{Gf",s",X) 
core : Gc{Gf",s"^X) — > Cc{Gf',s',X), 

which are functorial in X and fit in the following diagrams, which are com- 
mutative up to homotopy: 



0- 



-^0 



'£S'G{Gy',X)[-l] > Cc{Gf',s',X) > C{Gf',s',X) 

rcs[— 1] 

> (Bv"eS"C{G^n , X) [-1] > Cc{Gf",s",X) > C{Gf",s",X) > 



> e^"es"C(G^" , X) [-1] ) Cc{Gf",s",X) ) C{Gf",s",X) > 

cor[— 1] 

> e,>es'C{G,, , X) [-1] > Cc{Gf',s',X) > C{Gf',s',X) > 



Cc{Gf,s,Xu) — ^ Cc{Gf',s',X) Cc{Gf,s,Xv) — "--> Cc{Gf",s"iX) 



Tr. 



sh. 



she 



CciGF,s,Xv) — "-^ Cc{Gf",s",X) Gc{Gf,s,Xu) — "-^ Cc{Gf',s',X) 



42 



Since all the morphisms constructed above are functorial, they can be 
extended to complexes. Hence, we may conclude the following. 

Proposition 5.3.3. (a) For a bounded below complex A of objects in "Dh^Gf s' 
the canonical morphism of complexes 

C,{GF,s,Fr{A)) ^ lim C,{Gf,s, uA) 

U,Tr 

is an isomorphism. 

(b) Let T be a bounded complex of objects in Cr^Gf s ■ Then the canonical 
morphism of complexes 

Cc{Gf,s,'^t{T)) ^ \imCc{GF,S:Tu) 

U,pr 

is an isomorphism and induces isomorphisms 

Hi{GF,s, ^r{T)) = lim Hi{GF,s,Tu) = lim Hi{GF^,Su,T) 

!7,pr (/,corc 
of cohomology groups for j > 0. 

5.4 Duality over extensions of a global/local field 

We retain the notation introduced in the previous subsection. Let Foo be a 
Galois extension of F which is contained in Fs- Write H = Gal{Fs/Foo), 
and write F = Gal{Foo/F). As before, we write A = i2|r]], where i? is a 
commutative pro-p ring. 

Applying Theorem 14.2.61 and Proposition 15.1.7^ we obtain the following 
theorem. In the theorem, we abuse notation and use IlT{Gy, M) to denote 
RT(G^„M) for v G 

Theorem 5.4.1. Then, for a bounded complex T in Cr^Gfs' have the 
following isomorphism of exact triangles 



0Rr(G„^r(r))[-i] 



KT,iGF,s,^riT)) 



IiT{GF,s,^riT)) 
in D(ModA). 



-4 RHom^^ (Rr(G,, Fr(r^)'(l)), Qp/Z^) [-3] 



■ RHom^^ (Rr(G^,5, Fr(rv)^(l)), Q^/Zp) [-3] 



RHom^^ (Rr,(Gi.,s, Fr(r^)'(l)), Qp/^p) [-3] 
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We end by saying something about the situation over nonarchimedean 
local fields. Let F be a nonarchimedean local field of characteristic not 
equal to p. Let F^o be a Galois extension of F with Galois group T. Write 
Ge = Ga^F'^^P/^;) for every Galois extension E/F. Recah that by ^101 
Thm. 7.1.8(1)], we have cdpiGp) = 2. 

Let T be a bounded complex of objects in Cr^Gf- Proposition 15.2.2] 
and Proposition I5.2.4| we have 

C(G^,Fr(rV)) ^lii^C(G^^,T^) 

C{GF,^r{T)) -^^C{Gf^,T) 
H'{GF,^r{T)) ^\lmH\GF^,T), 

where F^ runs through all finite Galois extension of Foo/F. Applying The- 
orem 14.1.21 and Proposition 15.1.71 we obtain the following. 

Theorem 5.4.2. Let T be a bounded complex of objects in Cr^Gf- Then we 
have the following isomorphism 

BF{Gf,^t{T)) ^ RHomz, (Rr(GF, Fr(r^)'(l)) , Qp/^p) [-2] 
in D(ModA). 
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